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A stress—strain equation is studied which uses a non-Gaussian statistical mechanics model for large
deformation of crosslinked rubbers. The formulation is based on the work introduced by Doi and Edwards
for the description of polymer dynamics in a fixed network. The resulting constitutive equation is applied
in the entire network of elastomers. Uniaxial and biaxial tensile and compressive experiments are explained
in detail. Comparison with other theoretical work reveals that the present model could be applied
equivalently in any kind of physical or chemical network junction.
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INTRODUCTION

The rubber elasticity approach includes a great variety
of descriptions, models and concepts. Statistical mechanics
based on Gaussian distribution for the end-to-end
distance of a chain, constitutes a remarkable interpreta-
tion of rubber behaviour under small deformations'™.
This description, however, fails in the case of large
extension, where non-Gaussian statistics should be
employed®. In addition to such an improvement, a more
accurate statistical theory is necessary, accounting for all
the network chains. Following this perspective, James
and Guth® developed a model separating the entire
network into three independent sets of single chains,
oriented in three orthogonal directions. More detailed
studies have followed this approach, where the actual
spatial orientation chain distribution is taken into
account. Treloar and Riding’” and Wu and Van Der
Giessen® have developed a rubber elasticity theory based
on a full network description. According to their
consideration, a number of initially randomly oriented
chains proved to be determined by a balance equation
in orientational space. By using a non-Gaussian statistical
mechanics approximation, a general formuiation network
model has been established, which is valid for any type
of deformation and rubber. The entire network approach
achieved better experimental verification. This fact
prompted many researchers to suggest a further
improvement of the theory.

This improvement requires a better understanding of
the role of network defects in rubber-like materials. The
most favourable topological obstructions of elastomeric
networks are entanglements, which are often related to
some discrepancies observed in the predictions of classic
statistical theory®!°, These defects are largely accepted
to be mechanically effective, and they are used to provide
a large value of the modulus in crosslinked rubbers. In
many cases, entanglements are treated as physical
crosslink junctions, in constructing various separated
constitutive equations''"'3,

In the present study, a stress—strain equation will be
developed, describing large extensions in crosslinked
elastomers. Our formulation is based on the work of Doi
and Edwards'® concerning the description of polymer
dynamics in a fixed network. The idea of a chain trapped
in a tube-like region, constituted from the topological
constraints, is attractive for relaxation phenomena of
polymer chains in uncrosslinked systems. However, this
concept is applied primarily for studying the problem of
rubber elasticity?>17.

The present analysis will be confined to stress response
of chains participating in the rubber network, so we will
eliminate relaxation phenomena which originate from the
disengagement of a linear chain trapped in a tube. The
non-Gaussian statistics of inverse Langevin approxima-
tion will be used to calculate the microscopic stress
developed on polymer molecules. The resulting constitu-
tive equation is applied in the entire network of rubbers.
Various modes of deformation, such as uniaxial and
biaxial extension or uniaxial and plane-strain com-
pression, will be described in detail. Comparison with
other theoretical work reveals that certain experimental
tests are explained without any suggestion for the specific
role of network defects in rubber-like materials.

THE CONSTITUTIVE EQUATION

The following formulation is based on the assumption
that the long molecules of a crosslinked rubber are
constrained within a tube-like region. Owing to
topological constraints, the thermal motion of the
segments is limited over short distances. A chain in such
a rubber is shown schematically in Figure 1. At
equilibrium the tube itself is considered as a random coil.
The segments of the chain wriggle around the axis of the
tube and are called the primitive chain. To denote a point
on the primitive chain, Doi and Edwards used the contour
length S, measured from the chain end. If R(s) is the
position vector of segment §, the derivative in respect of
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Figure 1 Schematic picture of a network chain trapped in a tube-like
region

S is the unit vector directed tangentially to the primitive
chain:

0
uls) = R(s) (n

The total contour length is denoted by L, following an
elementary argument. A microscopic expression for the
stress tensor can be obtained'®:

C L
Tap = < f dsF(s) ua(S)uﬂ(S)> —p 2)

0

where the angle brackets denote ensemble average, C is
the number of segments per unit volume, N is the number
of segments per chain, F(s) is the tensile force acting along
the primitive chain, u,(s), uy(s) are components of the unit
vector, and p is an indeterminate hydrostatic pressure. If
As denotes the length of a line segment on the primitive
chain, its mean value is given by:

As—bL (F (S)”) )
kT

where L is the Langevin function, b is Kuhn’s statistical
segment, T is the absolute temperature and kg is the
Boltzmann constant. Multiplying this expression by the
number of segments per chain, we obtain the mean value
of the contour length <{L):

(4)

<L>=NA—S=NbL<F(S)b)

B

Doi and Edwards assumed that the tensile force along
the chain is independent of S, because local imbalances
in the segment density are adjusted in a very short time.
In this case the tensile force in the deformed state is given

by:
szB_T L1t (@) (5
b Nb

From equations (2) and (5) the stress tensor takes the form:

ChkgT / _ (<LO\ (*
.

This formula depends on two quantities, the contour
length I. and the orientation u(s). Supposing that
deformation is affine, the primitive chain is deformed in
the same way as macroscopic deformation. If E denotes
the deformation gradient, the position vector of the
primitive chain is displaced as:

R'(s)=ER(s) (7

310 POLYMER Volume 36 Number 2 1995

Since the distribution of the unit vector is isotropic in
the undeformed state, Doi and Edwards suppose that the
average change of contour length L is:

(L) =oEXLo>

where
d
2(E) = (| Ealyo = Ji’ |Eu (8)
4

is the average over isotropic state and L, is the contour
length in the undeformed state.

The change of the orientation of the primitive path is
denoted by the orientational tensor:

Q. 4(E) = ufs)uyls)) 9)

Considering the probability distribution function f(u,s)
of the tangent vector u(s) after deformation, Doi and
Edwards obtain the following formula for @, ,(E):

o JEwEw,\ 1
or = j dutShugls)f ("’S)'< \Eul > (Eul>
(10)

Combining equations (8) and (9), the stress tensor
(equation (6)) takes the form:

_ChkT[ (<L AEN] [P -
o | ()], acusomin o

_ChyT L_1<<Lo>a(E)
N b Nb

This equation, a part of the inverse Langevin
approximation, has a similar form to the corresponding
expression derived by Marrucci’! for the entangled
chains. It is worthwhile to notice that the deformed
contour length {L,>a(E) and the orientational tensor
Q,4(E) are grouped separately from the applied force.
This fact is a direct result of the assumption that the
force acting on each segment tangentially along the
primitive chain is constant.

Marrucci supposed equal tensile forces of successive
entanglement points of the same chain. This assumption
provided the above-mentioned separation but resulted
in different expressions for the entangled chain, in
contrast to other network junctions. In conclusion, we
are convinced that Marrucci’s equation does not
constitute a discrete form for the physical entanglements.
These results are in agreement with the experimental tests
presented by Gottlied and Gaylord!®, where several
entanglement models have been examined and predict
uniaxial stress—strain response for crosslinked polymers.
As they suggest, entangled networks cannot be accurately
described with the slip link model of Doi and Edwards*®
or the similar approximations by Marrucci'! and
Graessly'>.

Equation (11) could be modified to a more simplified
form if a relation between the undeformed mean primitive
length (L,> and the Rouse chain Nb? is estimated.
Applying equation (11) in the case of shear deformation
for small shear strains y, Q,(y) and ay) are easily
calculated:

) (Lo> dE)Q,E)—p (11)

4
Qaﬂ(y) =— Y

an=1 and
(7) s



Constitutive equation for crosslinked efastomers. G. Spathis

Thus equation (11) becomes:
4 C 3kyT
Cap=—2— 7
I5N Nb
In small deformation, however, the Gaussian chain takes
the following form under shear strain:

(Lo>?y (12)

C
O,5=— kgTv 13
B N g7 (13)
Equating equations (12) and (13}
L 15\1/2
¢ 0>=(_s> "
bN 12

and substituting this expression into equation (11) we
obtain:

B ECTE
6,y=C ﬁ<§> ) e
(15)

where C®=CkgT/N. Equation (15) is the constitutive
equation of the stress tensor in crosslinked rubber as
derived by the assumed model. Further on, the prediction
of equation (15) will be considered for various types of
deformation. Experimental results will be examined and
compared with the constitutive equation derived by Wu
and Van Der Giessen®.

Biaxial and uniaxial tensile extension

To confirm the above-mentioned model, equation (15)
will be applied first for biaxial tensile stretching. The
components of the associated unit direction vector # in
the current state are expressed in terms of spherical polar
angles 3,¢:

u,=sind cose, u,=sind sing, u.=cosd (16)
If a biaxial extension is applied to rubber material in the

xy plane, the deformation gradient tensor E is:

A0 0
0 4 0

E= 1 (17)
00

Quantities 2(E) and Q,4(E) are analytically calculated as
follows:

1 1 1/2
o(E)=ald) = (|Enldo =~ f du [zzuz P }

1 T 2% 1 1/2
J J [AZ sin9 +P coszs} singd3de

4n Jo Jo

_ Ly e /)“6“1 (18)
222 o 351 A°

(Eu)a(Eu),,,> 1
|Eul o {Euy,

For the diagonal components of this tensor we will

Qup(E)= < (19)

calculate the quantities
<(Eu)x(Eu)x>

|Eal /o

1 J " j T SiNC800Se o 49de
an )y Jo [4%sin?9 +cos?9]/2

<(Eu)z(Ell)z>

|Eu| o

cos?$

3 1 jn J‘Zﬂ: 1
C4n Jo Jo A2 [A8sin?9+cos29]12

sin3d3de

(20)

To eliminate the indeterminate hydrostatic pressure P
from equation (15) the following quantity is calculated:

JA)=oAE)Q:E)— Q..(E)]

*[ Lo, (2165) n-t [ 1]
A6—1 2a% (AF—1) 2 A8
(21)

From equations (15), (18) and (21) the tensile stress is
given by:

15\12 _ [ad) (152
Or=0xx —0;;= CR\/N (_“) L |:—_ <_> :|f(}~)
12 ~ \12
VA (22)

For uniaxial elongation, the tensile stress is given by a
similar equation where explicit expressions for «(4) and
f(4) are given by Marrucci'®:

inh='./23~1
sin 3 ) @)

a(,l)=1/1<1+
2 i3/ =1

f=

/Z3+%(1 +sinh_1 A3 1><1 433 —1 sinh 71 /A3~ 1>
=1 PRNAE 2841 3 /331
Figures 2a and b include experimental results for uniaxial
and biaxial tension of a natural rubber gum as reported
by James et al.}®. In the same plots the results of equation
(22) and the full network model introduced by Wu and
Van Der Giessen® are also shown. According to their
concern, the principal stresses are given by the following
expression:

Ji:

n 2n
Cr /N J J CO.p,A)L™" <L> am?sin9 d9 dg—p
N N
(24)

1 C
where C(S,(p,/l,-):4—~ a*(9,¢,4,) is the spatial distribution
4
of the chain orientations for an arbitrary three-

dimensional deformation, a is the stretch of a single chain,
and m; are the components of the unit direction vector:

3 2

m;

._2— 1
a —Z -2
1 A,’

Figures 2a and b show the force per unit undeformed
area f =a/A in the stretching directions. Following these

POLYMER Volume 36 Number 2 1995 311



Constitutive equation for crossfinked elastomers: G. Spathis

o Uniaxial data //
—~ Unmiaxial simulation /
3 v Plane strain
--- Plane strain simulaﬁon//

—_—

f (MPa)

1 2 3 &L 5 6
Stretch ratio A —

o Uniaxial data

—— Uniaxial simulation

3 v Plane strain

--- Plone strain simulation

—

f (MPa)

1 2 3 A 5 6
Stretch ratio A —»

Figure 2 Load versus stretch diagram for uniaxial and biaxial tension
(or plane strain). The experimental data are taken from James et al.'®.
(a) Curves plotted following equation (22) with C* =0.4 MPa, N =30.
(b) Curves plotted according to the full network model by Wu and
Van Der Giessen® with C®=0.4 MPa, N =50

plots we observe that the proposed model predicts
satisfactorily the different behaviour in biaxial extension
(or plane strain). The stiffer response of this mode of
deformation has been predicted with values of C* and N
fitted in the uniaxial elongation.

Uniaxial and plane-strain compressive deformation

The second set of deformation concerns compression
experiments on silicon rubber. Such tests have been
investigated by Boyce and Arruda®® for uniaxial and
plane-strain deformations.
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In the case of uniaxial compression in the z direction,
the deformation tensor is given by:

- -
— 0 0
=
VA
= 1 ith A< 25
E o L o wit < (25)
VA
R\ 0 ]

For this mode of deformation the quantities a(A) and f(4)
have been calculated analytically by Marrucci'®:

j in"'/1—23
a(i)=f<1 S VITA )
2\ B S1=a
(26)
0 ,11+2,13< +1—4/13 sin‘ﬂ/l—)@)
= — _—_— Y _
‘ 4 1-43 1422 /3 1=

Substituting these expressions in equation (22) we obtain
the stress in uniaxial compression. In the case of
plane-strain compression we use polar coordinates for
vector # in the xy plane:
u,=cosd, u,=sinf

The deformation gradient tensor E is given by:

1

- 0
A

0 4

The quantity a(E) in the plane strain is:

E . i<l 27)

1 (" /1 .
U EYy=ofA)={|Eu|yy=— J \/—2— cos?3 4 A*sin?9 d
4n Jo V4
(28)
L ——
_?2 lj JT=(1=/Hsin?dd9=" " E(k?)
T AJo A
where E(k?), the complete elliptical integral of the second
kind of modulus k2 =(1—4%), is given by the series:

E(k?)=

n Lo, Cn—1)1N\2 k>
Tl k2 LR il
200 22 2242 2t ) 2n—1

(29)

The factor f(4) of equation (22) is given by:
() =(Q, () — Q. ()il )

where
1 2n

T2

cos?d

Qxx()L)

cosZ9 + A4sin’9
(30)

1 1
=F(k2)—ﬁ F(k2)+p E(k?)
F(k?) is the complete elliptical integral of the first kind
of modulus k*=1— 4%, given by:
F(k?) =

1\2 2 2n—1)\? k>
2 2 2x4 2! 1
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and
2n c a2
0= j PR S—
2n Jo < €0s29+ A*sin?9

(31)

— ! 3 1 2 1 2 :|
5 p) 4[k2 F(k*) i E(k?)
Substituting expressions (28) and (30) in equation (22) we
should take into account that the number of segments
per unit volume parallel to the xy plane is 2C/3N, and
the component of the contour length in this direction is
{Ly>/(2)!7% in this case the compressive stress in plane

L0 —
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Figure 3 Load versus stretch diagram for uniaxial and biaxial
compression. The experimental data are taken from Boyce and
Arruda®®. (a) Curves plotted following equation (22) for uniaxial
compression and equation (32) for biaxial compression with C¥ =0.435,
N =8. (b) Curves plotted according to the full network model by Wu
and Van Der Giessen® with C®=0.435, N=79

strain deformation is:

I~ ‘ . ,
_ R\/z — 1-§>1/2 ‘1|:a(/L) <E>1/2:| .
o=CRE \/N<12 L NG 10y (32)

Figures 3a and b show results for uniaxial and plane
strain compression for silicon rubber. The values of
constants C® and N used in each model to fit the
experimental results are calculated by simulating the
uniaxial data. Figure 3a, where the results of the above
model are plotted, shows a stiffer response in plane strain
deformation for 4<0.4. The same discrepancy is also
shown in Figure 3b where the full network model® is also
plotted.

CONCLUSION

The basic formulation introduced by Doi and Edwards,
for the description of the primitive chain trapped in a
tube-like region, is used in this work for modelling rubber
elasticity. Our considerations extended their study for
non-Gaussian distribution of the freely jointed segments
of a chain. On the other hand, this approach refers to
chains which are participating in the rubber network in
such a way that relaxation phenomena are not taken into
account. The constitutive equation obtained could be
applied to large extensions for an arbitrary three-
dimensional deformation. Uniaxial and biaxial tensile
and compressive experiments with the same network
parameters are satisfactorily explained. The capability to
capture these tests is compared with the work suggested
by Wu and Van Der Giessen, where a full network model
accounts for the spatial distribution of the end-to-end
vector. The fact that the present model predicts a stiffer
response in biaxial stretches, restrains the necessity for a
full network description. This is a direct result of the way
in which the orientational tensor Q,4(E) is calculated.
Summation over all possible directions of unit vector u
across the primitive chain encloses all possible
orientations of network points. On the other hand, at
the present state of analysis the role of the mechanically
effective entanglements is not treated in a different way
from the crosslink points. This implies a constitutive
equation which can be applied equivalently in any kind
of physical or chemical network junction.
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